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Recurrent Events: Some Examples

> In Reliability & Engineering Settings:
» machine or equipment failure
» discovery of a bug in a software or computer crashing
» cracks in highways
> In Biomedical Settings:
admission to hospital due to chronic disease
tumor re-occurrence
migraine attacks
alcohol or drug (eg cocaine) addiction
> In Other Settings:
commission of a criminal act by a delinquent minor!
major disagreements between a couple
non-life insurance claim
drop of > 200 points in DJIA during trading day
publication of a research paper by a professor
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r Complex (MMC) Data

Data set from Aalen and Husebye ('91) with n = 19 subjects.

MMC Data Set
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Bladder Cancer Data Set [Wei, Lin, Weissfeld, '89]
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Data Accrual: One Subject

[ Intervention performed after an event ]

1Unobserved
Tevent

Cl

1
T T T T T-S,
: ;
S, .
T
End of study

Unobserved
frailty

Observed events

Covariate vector: X(s) = (Xy(8), --- , X,(s)) |
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Some Aspects in Recurrent Data

random monitoring length (7).

v

» random # of events (K) and sum-quota constraint:

k K K+1
K=max{k: > Tj<7pwith) T<r<> T;
j=1 j=1 j=1

» Basic Observable: (K,7,T1,To,..., Tk, T — Sk)

» always a right-censored observation.

» dependent and informative censoring.

> size-biased sampling: gap-time censored tends to be
stochastically longer.

» effects of covariates, frailties, interventions after each event,
and accumulation of events.
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Recurrent Event Models: 11D Case

» Parametric Models:
» HPP: Ti1, Tia, Tis, ... IID EXP(X).
» |ID Renewal Model: T;1, T2, Ti3,... ID F where
Fe F={F(0):0€06CRr};

e.g., Weibull family; gamma family; etc.
» Non-Parametric Model: Tj1, Tiz, Ti3,... lID F which is some
distribution function.
» With Frailty: For each unit /, there is an unobservable Z; from
some distribution H(+;&) and (Ti1, T2, Ti3,...), given Z;, are
IID with survivor function

[ F(6)~.
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Simplest Model: One Subject

T, To,... O F: (renewal model)
‘perfect interventions' after each event
T~ G

F and G not related

no covariates (X)

no frailties (Z)

F could be parametric or nonparametric.

vV vV V.V YV VY

Relevant Functions:
F=1-F, N=—logF; A=N; F=exp(-NA)
At)dt =~ P{T € (t,t+dt]|T > t}

Product-Integral Representation:

v

F(t) = H[1 — A(dv)]
v=0
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Nonparametric Estimation of F

Some Results from Pefia, Strawderman and Hollander (JASA, 01):

n K
N(E) =) > HTi<t)

i=1 j=1

n K,‘

Y(£) =D Y KTy >t} + {7 — Si, > t}

i=1 | j=1
GNAE : 7\(t):/0t d\’/v((vvvv))

CEm =TTl @NW)
GPLE : F(t)_I;[[l Y(W)]
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Main Asymptotic Result

k
kth Convolution: F*(K(t) = Pr {Z T < t}

Renewal Function: p(t) = i F*R)(t)
k=1
u(t) = % /too p(w — £)dG(w)
t dF(w)

2 _ 2
o°(t) = F(t) /0 F(w)2G(w)[1 + v(w)]

Theorem (JASA, 01): /n(F(t) — F(t)) = GP(0,0%(t))
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Survivor Function Estimate for MMC Data
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Extending KG Model in Recurrent Setting [in JNS, '12]

» Wanted: a tractable model with monitoring time informative
about F.

» Potential to refine analysis of efficiency gains/losses.
» Idea: Why not simply generalize the KG model for the RCM.
» Generalized KG Model (GKG) for Recurrent Events:

I8 >0, G(t)=F(t)’

with 3 unknown, and F the common inter-event time
distribution function.

» Remark: 7 may also represent system failure/death, while the
recurrent event could be shocks to the system.

» Remark: Association (within unit) could be modeled through
a frailty.
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Estimation Issues and Some Questions

» How to semiparametrically estimate 5, A, and F?

» Parametric estimation in Adekpedjou, Pefia, and Quiton
(2010, JSPI).

» How much efficiency loss is incurred when the informative
monitoring model structure is ignored?

» How much penalty is incurred with Single-event analysis
relative to Recurrent-event analysis?

» In particular, what is the efficiency loss for estimating F when
using the nonparametric estimator in PSH (2001) relative to
the semiparametric estimator that exploits the informative
monitoring structure?
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Basic Processes

j
Si=>_ Tu
k=

1

o0

Nf(s)=D_ ISy <5}

j=1
Yi(s) = {7 = s}

Ri(s)=s—-S5 = backward recurrence time

iNT(s—)

Aj(s) = [ VIR

Ni(s) = {mi < s}
Yi(s) = {7 = s}
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Transformed Processes

Z,'(S, t) = /{R,‘(S) < t}

Wi ()
Ni(s, t) = / Zi(v, )N (dv) = Z 0T, < t)

N/ (s-)
Y,'(S, t) = Z /{T,J > t} + /{(S/\T,‘) — SiNT(s—) > t}

A, t)—/os (v, DAL (dv) = /t Yi(s, w)A(w)dw

0

{Mij(v,t) = N;(v,t) — Ai(v,t) : v > 0} are martingales.
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Aggregated Processes

N(s,t) = Ni(s,t)
i=1
Y(s,t) = Z Yi(s, t)

A(s, t) = Z Ai(s, t)

HOEDW O

Y7(s)= 3 ¥7(s)
i=1
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First, Assume 5 Known

Via Method-of-Moments Approach, ‘estimator’ of A:
A [ N(s,dw) + NT(C/W)}
A(s, t|8) = ’
0= Ve v

Using product-integral representation of F in terms of A,
‘estimator’ of F:

. : N(s, dw) + N7(dw)
Fs 1) = H{ v |
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Estimating 3: Profile Likelihood MLE

Profile Likelihood:

Lp(s"; 8) = BV

i { [H Ve )}NF(M] "

i=1

s* 1 N;(s*,Av)
[ Y(s*,v)+ ,BYT(V)} ] }

Estimator of 3:

B =arg max Lp(s™; B)

Computational Aspect: in R, we used optimize to get good seed
for the Newton-Raphson iteration.
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Estimators of A and F

Estimator of A:

A 0= A1) = | { S o }

Estimator of F:

F(s*,t) = F(s*,t|B) = H{ N(SS f’;:‘;):/BN;T(E/W))}

w=0
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lllustrative Data (n = 30): GKG[Wei(2,.1), 5 = .2]

Recurrent Event Data
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Estimates of 5 and F

A

B = 2331

Estimates of SF for Illustrative Data (Blue=GKG; Red=PSH; Green=TRUE)
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Properties of Estimators

Gs(w) = G(w)l{w < s} + {w > s}
E{Yi(s, t)} = y(s,t) = F(t)Gs(t) + F‘(t)/t p(w — t)dGs(w)

E{Y{(t)} = y"(t) = F(t)
True Values = (Fo, Ao, o)

yO(S’ t) = y(s, t; AOa /80)
¥6(s) = y"(s; Mo, o)
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Existence, Consistency, Normality

Theorem
There is a sequence of [3 that is consistent, and \(s*,-) and

F (s*,-) are both uniformly strongly consistent.

Theorem
As n — 0o, we have

V(B — Bo) = N(0, [Zp(s*; Ao, Bo)] )

with

_ B
st )= g [ B et
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Weak Convergence of A(s*, -)

Theorem
As n — oo, {/n[A(s*,t) — No(t)] : t € [0, t*]} converges weakly to
a zero-mean Gaussian process with variance function

2/ % o ‘ /\O(dv)
775 _/o yo(s*,v) + Boyg (v)

) -1
s Yo(s*, v)yg (v)
[ o Bolyo(s*,v) + Boyg (v)] AO(dV)] "

[/Ot Yo", \f/)g—(l—véoyg(v) /\o(dv)] 2 .

Remark: The last product term is the effect of estimating 3. It
inflates the asymptotic variance.

Edsel A. Peiia (E-Mail: pena@stat.sc.edu) Developments in Recurrent Event Modeling & Analysis



Weak Convergence of If_(s*, -) and Ii_(s*, )

Corollary
As n — oo, {\/n[F(s*,t) — Fo(t)] : t € [0, t*]} converges weakly
to a zero-mean Gaussian process whose variance function is

a,%_(s*, t) = l_-'o(t)za/g\(s*, t) = I:'o(t)za/g\(s*, t).

Recall/Compare!

Theorem (PSH, 2001)
As n — oo, {\/n[F(s*,t) — Fo(t)] : t € [0, t*]} converges weakly
to a zero-mean Gaussian process whose variance function is
N - £ No(dv
o%(s"t) = Fo(t)z/ Noldv)

0 yO(S*v V)
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Asymptotic Relative Efficiency: Sy Known

If we know Sp:

ARE{F(s*, 1) : ff(s*,_t\lﬁo)} =
{/0 y/:t()gd“x)} )
t No(dw
{/o yo(S*,W())(Jr /Biy&(W)}

Clearly, this could not exceed unity, as is to be expected.
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Case of Exponential F: 5y Known

Theorem
If Fo(t) = exp{—b6ot} for t > 0 and s* — oo, then

ARE{F(00,t) : F(co, t|B0)} =

L —1
/ du o
{ Fo(t) (1 + Bo)u?tho }

/1 du
’_:O(t) (]_ + /80)u2+60 —+ lBgu1+6O ’

Also, VYt > 0,

= 2 _ 1+ fo
ARE(F(o0. 1) Floo, £:80)) < 20y
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ARE-Plots; gy € {.1,.3,.5,.7,.9,1.0, 1.5} Known;

F = Exponential
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Case of Sy Unknown

» As to be expected, if 5y is known, then the estimator
exploiting the GKG structure is more efficient.

» Question: Does this dominance hold true still if Gy is now
estimated?

Theorem _ 3
Under the GKG model, for all (Fo, Bo) with By > 0, F(s*,t) is

~

asymptotically dominated by F(s*,t) in the sense that

ARE(F(s*,t): F(s*,1)) < 1.

Proof.
Proof uses a neat application of Cauchy-Schwartz Inequality. U
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ARE-Plots; gy € {.1,.3,.5,.7,.9,1.0, 1.5} Unknown;

F = Exponential
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Simulated RE(F : F) under a Weibull F with o = 2;

Bo €1{.1,.3,.5,.7,.9,1.0, 1.5} but Unknown

Simulated Efficiencies of
PLEPSH relative to PLEGKG
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R ssion Models

» Covariates: temperature, degree of usage, stress level, age,
blood pressure, race, etc.

» How to account of covariates to improve knowledge of
time-to-event.

» Modelling approaches:
» Log-linear models:

log(T) = A'x + oe.

The accelerated failure-time model. Error distribution to use?
Normal errors not appropriate.

» Hazard-based models: Cox proportional hazards (PH) model;
Aalen’s additive hazards model.
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Cox ('72) PH Model: Single Event

» Conditional on x, hazard rate of T is:

A(t[x) = Ao(t) exp{5'x}.

> BA maximizes partial likelihood function of j3:

H H exp (F'x) AN;(t)
_/ 1 J t)exp(,B/ ) '

i=1t<oo

» Aalen-Breslow semiparametric estimator of Ag(-):

_ / ldN (W)
folt) = / S Yi(w)exp(Fxi)
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A General Class of Full Models

» Pefia and Hollander (2004) model.
Ni(s) = Al(s|Z) + M'(s|Z)
M'(s|Z) € M3 = sq-int martingales
Al(s|Z) = /Os YT(w)\(w|Z)dw
> Intensity Process:

A(slZ) = Z Mol&(s)] pIN'(s=): o] w5 X (s)]

» This class of models includes as special cases many models in
reliability and survival analysis.
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e Process: £(s)

Complications

No
improvement

Perfect
Intervention
Some
Improvement

Effective Age, E(s)

Calendar Time
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Effective Age Process, £(s)

» PERFECT lIntervention: £(s) =s — Syi(s_)-
» IMPERFECT Intervention: £(s) = s.
» MINIMAL Intervention (BP '83; BBS '85):

E(s) =s—5r,.,
where, with /1, h,... 1ID BER(p),
NT(s)
n(s)= >l and Ty =min{j >y =1}.
i=1

Remark: Perfect repairs at times when coin lands head;
Imperfect repairs at the times when coin lands tails!
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Semi-Parametric Estimation: No Frailty

Observed Data for n Subjects:
{(X,‘(S), N,T(S)7 YIT(S),EI(S)) :0<s< S*}7i =1,...,n

N,-T(s) = # of events in [0, s] for ith unit
YiT(s) = at-risk indicator at s for ith unit

with the model for the ‘signal’ being
Al(s) = /O Y (v) pIN] (v=); ] 9 [5*Xi(v)] Mol €i(v)]dv

where Ao(+) is an unspecified baseline hazard rate function.
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Processes and Notations

Calendar/Gap Time Processes:
S
Ni(s. t) = / HE(v) < YN (dv)
0

Ai(s, t) = /05 H{E&i(v) < t}A)f(dv)

Notational Reductions:

Ej-1(v) = EWs; 1.5, (VY (v) > 0}

p(j — 1; a)w{ﬁtx;[é‘,jll(w)]}
(€2 (w)]

QO,‘_,‘_l(W‘Oé, 5) =
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Generalized At-Risk Process

Nf(s-)
Zj:l l(50—1(5ij—1)7 5:’1’—1(50)](‘”) pij—1(wla, B)+

I(giN;r(sf)(SiN,T(Sf))’ 8;N,-T(sf)((5/\7"))](w) S0"’\’,'T(5—)(l/‘/‘0é’ A)

For IID Renewal Model (PSH, 01) this simplifies to:

Nf(s-)

Yi(s,w) = Z H{Ti >wh+I{(snTi)— SiNT(s—) > w}
j=1 ’
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Estimation of Ay

t
Ai(s, tla, B) = /0 Yi(s, wla, )Ao(dw)

So(s, tla, B) =Y Yi(s, t|a, B)
i=1

J(s, tla, B) = 1{So(s, tla, B) > 0}

Generalized Nelson-Aalen ‘Estimator’:

oot ) /Of{%} {Z N;(s, dW)}

i=1
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Estimation of v and (8

» Partial Likelihood (PL) Process:

n N,T(S* . . t ANT(SI")
P — L a)[BX(Sy)] |7
LP(S |OZ H H |: 50[5*7gi(sij)|a7/8] :|

i=1 j=1
» PL-MLE: & and [9 are maximizers of the mapping
(OZMB) = LP(S*|a7/B)

> lterative procedures. Implemented in an R package called
gcmrec (Gonzaléz, Slate, Pefia '04).

Edsel A. Peiia (E-Mail: pena@stat.sc.edu) Developments in Recurrent Event Modeling & Analysis



Estimation of F

> G-NAE of Ag(-): Ao(s*, t) = Ao(s*, t]a, /5)
» G-PLE of Fy(t):

2o TT | T Ni(sT aw)
Fo(s™,t) = H [1 50(5*’W‘&’B) ]

w=0

» For IID renewal model with &;(s) = s — Sint(s—)» plk;a) =1,
and 1)(w) = 1, the generalized product—limi:c estimator in PSH
(2001, JASA) obtains.
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Asymptotics: General Model without Frailty [Pefa, '14]

n=(a,B)"
V(i —1°) -5 N (0,5 (s, %) 71) .

Wa(s*,) = v [A(s",) = A§()| = GPIO, C(s", -, )]

min(t1,t2) /\O(dW)
C(s*, t1,tr) = O b(s*, ) H{E(s", %)} T Lb(sY, b);
)= [ b ) () )

b(s*,t) = /Ot g (s*, w)AS(dw).

Remark: Extends Andersen-Gill (AoS, '82) results.
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An Application: Bladder Data Set

Bladder cancer data pertaining to times to recurrence for n = 85
subjects studied in Wei, Lin and Weissfeld ('89).

s - = x
* ° o x x =
o | ox x
3
k=1 ) x x X
2 % X
=
3 %7 x
& 1 Ex = S =
o - x =
T T T T T T T
o 10 20 30 40 50 60

Calendar Time
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Results and Comparisons

» Estimates from Different Methods for Bladder Data

Cova Para AG WLW PWP [ General Model |
Marginal Cond*nal | Perfect? | Imperfectb |
log N(t—) a - - .98 (.07) .79
Frailty £ o) .97

o o | a0 | =58 (:20) | =.33 (.21) | .32 (.21) | -.57
Size 8, | -0a(on) | -.056 (.07) | -.01 (.07) | -.02 (.07 -.03
Number | 85 | as(os) | .21 (.05) | .12 (.05) [ .14 (.05) .22

°Effective Age is backward recurrence time (£(s) = s — Syr(s_))-
bEffective Age is calendar time (£(s) = s).

Details: In Pefia, Slate, and Gonzalez (JSPI, '07), including for
model with frailties.
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Estimates of Survivor Functions @ Mean of Covariates

Under Perfect and Imperfect Repair Effective Ages
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Some Comments on Marginal Modeling: wiw and PwP

>

ko specified (usually the maximum value of the observed Ks).

v

Assume a Cox PH-type model for each Sy, k =1,... ko.

v

Counting Processes (k =1,2,..., ko):

Nk(S) = /{Sk <s; Sk < T}
At-Risk Processes (k =1,2,...,kp):

v

YVMW () = 1{S) > s;7 > s}

YEWP(s) = 1{Sk-1 < s < ST > s}
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Working Model Specifications

» WLW Model

{Nk(s) - [ ) expkaLWX(v)}dv}

» PWP Model

{Nk(s) _ /0 T VPP )AEWP () exp{,afWPX(v)}dv}

> are assumed to be zero-mean martingales (in s).
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Parameter Estimation

» See Therneau & Grambsch's book Modeling Survival Data:
Extending the Cox Model.

> VW and BPWP obtained via partial likelihood (Cox (72) and
Andersen and Gill (82)).

» Overall -estimate:
ko
AWLW ZA AWLW .
6 = Ck/Bk '
k=1

cks being ‘optimal’ weights. See WLW paper.
» AW (-) and ASYP(-): Aalen-Breslow-Nelson type estimators.
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Two Relevant Questions

» Question 1: When one assumes marginal models for Sys that
are of the Cox PH-type, does there exist a full model that
actually induces such PH-type marginal models?

Answer: YES, by a very nice paper by Nang and Ying
(Biometrika:2001). BUT, the joint model obtained is rather
‘limited’.

» Question 2: If one assumes Cox PH-type marginal models for
the Sis (or Tgs), but the true full model does not induce such
PH-type marginal models [which may usually be the case in
practice], what are the consequences?
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Case of the HPP Model

» True Full Model: for a unit with covariate X = x, events
occur according to an HPP model with rate:

A(t|x) = O exp(5x).

» For this unit, inter-event times Ty, k =1,2,... are IID
exponential with mean time 1/A(¢|x).
» Assume also that X ~ BER(p) and pu, = E(7).

» Main goal is to infer about the regression coefficient 8 which
relates the covariate X to the event occurrences.
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Full Model Analysis

> B solves
D XiKi > TiXiexp(BX;)
YK Ymexp(BX)

> B does not directly depend on the Sjs. Why?

» Sufficiency: (Kj,7i)s contain all information on (6, 3).

d
(Si17 Si27 CIES SiK,')|(Kini) - Ti(U(1)7 U(2)7 DI U(K,))

» Asymptotics:

1 (1—-p)+pe’ >

o AN (ﬂ’ n p-0[(1 — p) + pe’]
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Some Questions

» Under WLW or the PWP: how are 8V"V and BEWF related
to 6 and 37

» Impact of event position k?

> Are we ignoring that Kjs are informative? Why not also put a
marginal model on the Kjs?

» Are we violating the Sufficiency Principle?

» Results simulation-based: Therneau & Grambsch book ('01)
and Metcalfe & Thompson (SMMR, '07).

» Comment by D. Oakes that PWP estimates less biased than
WLW estimates.
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Properties of /§,‘</VLW

v

Let BXVLW be the partial likelihood MLE of § based on at-risk
process Y VW ().

WLW

Question: Does Bk converge to 7

v

v

gx(w) = wk=le=W/I'(k): standard gamma pdf.

v

Gk(v) = [7° gk(w)dw: standard gamma survivor function.

v

G(+): survivor function of 7.

v

E(-): denotes expectation wrt X.
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Limit Value (LV) of g™V

» Limit Value 8 = 35(6, 8) of 5" solution in §* of

/ " E(X05 g (v0PX)) G (v)dv =
0

| el (w0, 5.5 EO g (v ()
0
where

E(Xe® X G (vhePX))

EZVLW(V;97575*) = E(eﬂ*Xg_k(vgeﬁX))

» Asymptotic Bias of SV = gt — 38
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Theoretical Bias of B,‘{VLW WILW Estimators

Plots are for k = 1(BLACK), 2,3, 4,5(LIGHTBLUE).

Asymptotic Bias of WLW
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On PWP Estimators

Main Difference Between WLW and PWP:

v

E(Y"™(v)IX) = G(v)Gi(vO exp(8X));

gk(v8 exp(6X))
Oexp(BX)

> Leads to: ufWP(s;H,ﬁ) =0fork=1,2,....

» Remark: The uy's are corresponding score functions.

> AEWP are asymptotically unbiased for 3 for each k (at least

in this HPP model)!

» Theoretical result consistent with observed results from
simulation studies and explains D. Oakes’ observation.

E(YP()IX) = G(v)
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Recurrent Competing Risks Models [JIRSS & LIDA]

A Car Warranty Data with Two Competing Causes of Failures

Recurrences of Failures
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Current Research Problems |

> Recurrent events.

» Competing risks.

» Longitudinal markers.

> Terminal event.

» Problem: How to Jointly Model all these aspects.

» Question: How to exploit competing recurrent events and
marker data to inform about the terminal event?

» Question: Is it worth keeping track of the marker and/or
competing recurrent events when interest is on the terminal
event?
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Current Research Problems Il

» Reliability systems: composed of several components or
subsystems.

» Coherent structure function: mathematical representation of
how components/subsystems constitute system.

» Components/subsystems possibly stochastically dependent.

» System-modeling and analysis through component-modeling
and analysis.

» Possible recurrences at component-level and/or changing
structure function as components fail.

» Dynamic reliability models, in particular, load-sharing models.

» Relevant for maintenance of engineering and reliability
systems.
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Concluding Remarks

» Recurrent events prevalent in many areas.
» Dynamic models: accommodate unique aspects.

» More research in inference for dynamic models; e.g.,
theoretical properties for model with frailties.

» Caution: informative aspects of model.
» Beware: marginal modeling approaches.

» Current limitation: tracking effective age. Feasible with
electronic and mechanical systems.

» Efficiency gains using data from the event recurrences, which
may be competing.

» Other problems: markers, terminal events, coherent system
analysis.

» Dynamic recurrent event modeling: challenging and still
fertile!
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